Unlike the monotone bifurcation structure of the logistic family, oneparameter families of dissipative planar diffeomorphisms must exhibit an antimonotone orbit-bifurcation structure near homoclinic-tangency values. More precisely we prove the following theorem:
ANTIMONOTONICITY THEOREM. In any neighborhood of a nondegenerate, homoclinic-tangency parameter value of a one-parameter family of dissipative C3 diffeomorphisms of the plane, there must be both infinitely many orbit-creation and infinitely many orbit-annihilation parameter values.
The lack of monotonicity in the creation and annihilation of periodic orbits mandated by the Antimonotonicity Theorem is indeed reflected in numerical simulations of the Henon family (see [4] ilies of dissipative, chaotic planar diffeomorphisms. Indeed, the bifurcation diagram of any such family will have pitchforks with opposite orientations.
The results of our paper cannot readily be extended to area-preserving maps. The techniques of Newhouse [9] and Robinson [121, on which we r fail when the tangency occurs for a periodic point at which the Jacobian has absolute value 1. The major difficulty is that the high-iterate, partially formed horseshoes produced near a quadratic homoclinic-tangency value are not small perturbations of one-dimensional quadratic maps, as they are in the dissipative case (see [111) .
The plan of our paper is as follows: In Section 1, after several basic definitions, we precisely state our key technical result, called the Bubble Lemma, on the concurrency of several types of homoclinic tangencies, and we explain 
The Bubble Lemma
In this section we give the precise statement of our central result, the Bubble Lemma, on the concurrency of two types of homoclinic tangencies.
We begin with several definitions. Let f: R2 -* R2 be a planar diffeo-
morphism. A point o E R2 is called a periodic point of period n if ffn(O) = o,
where ffn is the n-fold composition of the map f with itself. A periodic point o of period n is said to be a hyperbolic saddle point, or simply a saddle point, if
the eigenvalues ft and v of the planar linear map Dfn(o) satisfy JAI < 1 < Iv The map f is said to be dissipative at a point x if I det Df (x) I < 1; that is if the eigenvalues of Df (x) satisfy JpvJ < 1. The map f is said to be dissipati when it is dissipative at all points in its domain of definition.
The stable manifold of a periodic point o of period n is defined to be the set WS(o) = {x I limk-+c fnk(x) = o}. Similarly, the unstable manifold is the set Wu(o) = {x I limk,+O f-nk(x) = o}. If o is a saddle point, th both WS(o) and Wu(o) are curves that are as differentiable as the map f.
A point q E R2 is called a homoclinic point of the saddle point o if W (o)
and W'(o) intersect at q. If the stable and unstable manifolds intersect at q with a nonzero angle, then q is said to be a transversal-homoclinic point; and if they are tangent to each other, then q is said to be a point of homoclinic tangency.
Let fAi: R2 x R -* R2 denote a one-parameter family of planar diffeomorphisms. In this case, the stable and unstable manifolds vary locally as smoothly with A as f does. A homoclinic tangency of fA at q E R2 and ter values arbitrarily near A0 at which fA has nondegenerate, contact-breaking homoclinic tangencies.
It has long been known that infinitely many horseshoes, hence infinitely many periodic orbits, are created near a contact-making, homoclinic-tangency parameter value; see, for example, [3] . Thus, in one-parameter families of dissipative planar diffeomorphisms, the coexistence of contact-making and contactbreaking, nondegenerate homoclinic tangencies implies the concurrent creation and annihilation of periodic orbits near any nondegenerate, homoclinictangency parameter value. In light of this fact, our Antimonotonicity Theorem is a direct corollary of the Bubble Lemma.
Before proving the Bubble Lemma in the general case, we must both review some pertinent dynamical definitions about invariant manifolds and thickness conditions for Cantor sets and examine a specific family of maps, called the linear-horseshoe family, as a simple model case of our lemma.
Invariant manifolds and thickness
Newhouse introduced the notion of the thickness of a Cantor set to obtain conditions that guarantee the nonempty intersection of two Cantor sets. These thickness conditions have been used to ensure that certain Cantor sets of stable and unstable manifolds intersect tangentially for open sets of planar diffeomorphisms. In this section we collect several pertinent definitions and facts about hyperbolic sets and thickness; see [10] for details.
We say that a compact invariant set A is hyperbolic if there are constants K > 0 and -y > 1 and a continuous direct sum splitting of the tangent bundle of A into stable and unstable sections Es and EU so that, for each x E A, we have (i) Df(Ex) = E(X) and Df(Ex) = E ANTIMONOTONICITY OF PERIODIC ORBITS 225
(ii) IjDf-n(v)II > Ky~nlvjj for all v E E Ky~njujj for all u E E. and n > 0.
The local stable manifold of a hyperbolic invariant set A with respect to a neighborhood U is WI' (A) = {x lim dist(fn(x),A) = 0 and fn(x) E U for all n > 0}.
Similarly the local unstable manifold of A is WI',(A) = {x lin dist(fn(x),A) = 0 and fn(x) E U for all n > 0}.
We say that a Cantor set A is a basic Cantor set of f if A is hyperbolic and f LA has a dense orbit. The local stable manifold of a basic Cantor
A is homeomorphic to a Cantor set crossed with an interval, as is the local unstable manifold.
We shall find it convenient in the succeeding sections to extend local stable and unstable manifolds to well-behaved local foliations of the three- We next present Williams's formulation [14] of the thickness of a Cantor set on the line, which is equivalent to the original definition of Newhouse, but easier to work with. In the definition of stable transverse thickness above we have been deliberately vague in our choice of the transverse curve, but we will be specific later in particular cases.
We should also point out that our concept of the stable transverse thickness E(s is analogous to Newhouse's concept of the unstable thickness "-ru,.
Linear horseshoes: A simple model
The proof of our key result, the Bubble Lemma, is rather involved. To make the proof more transparent, we present here a simple-model case, for which the necessary computations can easily be performed. We should emphasize that this model embodies our general proof stripped of elaborate technical considerations.
To motivate the choice of our example we first describe certain essential structures, which are always present near nondegenerate homoclinic tangencies.
Let Ao be a parameter value at which a one-parameter family fA of C2 planar diffeomorphisms has a nondegenerate, contact-making homoclinic tangency of a dissipative periodic point. Newhouse [9] and Robinson [12] showed that, arbitrarily near A0, there exists a parameter value A1 such that fA1 basic Cantor set A(A1), whose local stable and unstable manifolds contain subsets with transverse thicknesses E(s and E(3, respectively, so that E(s . E > 1. Also, the basic Cantor set A(A1) of fAx has a dissipative periodic point with a nondegenerate, contact-making homoclinic tangency.
The primary tools we use in the proof of the Bubble Lemma are foliations that are compatible with the local stable and unstable manifolds of A. In Here A is the parameter, while ft and vi are constants to be specified s the regions A, B, and C of the unit square are as shown in Figure 5 . The first iterate of NA is illustrated in Figure 6 . We choose 0 < Ma < 1 < t' and M a v < 1 so that the fixed point of NA at the origin 0 is a dissipative saddle point. There is a quadratic, contactmaking homoclinic tangency at q = (1, 0) when A = 0. To prove the Bubble
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Lemma for the family NA we will show that, arbitrarily near the parameter value A 0, there is a contact-breaking, tangency-parameter value.
Let A (A) denote the maximal invariant subset of A U B under NA; the set A(A) is a basic Cantor set. For the linear-horseshoe family NA, the set A(A) is independent of A, although in the general case this is not so. We will often suppress the A dependence of A. The invariant set A is the product of two Cantor sets A,, x A8, where A,, is the intersection of A with the x-axis and A, is the intersection of A with the y-axis. The thickness E), = E)(A,) is 1 /(v -2) and the thickness E), = E)(A,,) is 1a/(1 -2pi). In our choice of 1A and v we further require that the transverse thicknesses satisfy E), . E), > 1. intersecting the y-axis at A,. We call these the primary stable line segments.
Similarly the local unstable manifold W'J(A) of A consists of a Cantor set of vertical line segments intersecting the x-axis at A,,; we call these the primary unstable line segments.
For each A we consider the parabolic arcs constituting the components of NA (C ni Wu (A (A))), the image of the middles of the primary unstable line segments under the map NA. This Cantor set of parabolic arcs is contained in the unstable manifold of A(A). We call these arcs the primary unstable parabolas. For A = 0 these parabolas extend in the obvious way to a foliation go of NO (C) by parabolic arcs. We index the leaves of go by a so that the leaf with its vertex at (1, a) can be written parametrically in Tr as (1 + Tr, a + T2'). We now extend this foliation go in the (x, y)-plane in the obvious way to a foliation 9 in (x, y, A)-space compatible with NA(Wju~(A(A))). That is, for each A, UA is a foliation of NA (C) by parabolic arcs so that the leaf with index a and having its vertex at (1, a -A) is written parametrically in T as
F(a, A,,T) (+,T, a-A +T2).
A leaf F (a, A, Tr) is a primary unstable parabola if and only if F (a, 0 a primary unstable parabola; that is, if and only if a C -puA. A sc drawing of the primary stable line segments and the primary unstable par arcs is given in Figure 7 . Note that any primary tangency, that is, a tangency between a primary unstable parabola and a primary stable line segment, is quadratic, nondegenerate and contact-making. The tangency at q = (1, 0), when A = 0, i last primary tangency as the parameter A is increased.
We denote the nth iterate of r(a, A, T) under NA by rn(a, A, T), and its y-coordinate by rn(a, A, T). Now we consider the particular parabolas arguments are used to show that there exists a A E 4> n 4' with IAI < van. W will also find that the y-coordinate of the tip of rn+1 (a, A, -r), with a fixed has negative velocity as a function of A. Since the foliation g is compatible with NA(Wi1.,(A)), we conclude that the tangency at r(A) is contact-breaking.
Since Ws(O) and WU(O) are dense in Ws(A) and Wu(A), respectively, it will follow that near r(A) there is a nondegenerate, contact-breaking homoclinic tangency of the fixed point at 0 for some parameter value arbitrarily near A. In particular, for ae = a&(A), we have rnf+l (a(A), A, T) = -A +An/3-V-2n/3 +vn,2 I -A ?n+1(1 + T)
We will investigate the behavior of rn+1 (ce, A, r) for ca near a' and r near zero; see Figure 8 . In particular, we examine the derivatives in the following items:
(1) The slope of the curve n+l(a', A, r), parametrized by T, is mrr) a,=A / r F+r(a-A, T)
and for n large, the slope
is approximately -2,un/3V-2n/3, since ,uv < 1 and 0 < ,u < 1 < v. Similarly, 
The setting for the general case
In this section we show that the general case can be transformed into something similar to the linear horseshoe of the model case.
Let Ao be a parameter value at which a one-parameter family fA of C2 planar diffeomorphisms has a nondegenerate, contact-making homoclinic tangency of a dissipative periodic point. Newhouse and Robinson showed that, arbitrarily near Ao, there exists a parameter value A1 such that fAl has a b Cantor set A(A1), whose local stable and unstable manifolds contain subsets with transverse thickness, E) and E), respectively, so that e9 * eU > 1. These thicknesses vary continuously with the parameter. Also, fA1 has a dissipative periodic point o E A(A1) with a nondegenerate, contact-making homoclinic tangency ( [9] , Lemmas 7 and 8). to them as such, because on the scale we examine them they are close to being parabolas.) More precisely the primary stable segments lie on and above the xaxis, and the primary unstable parabolas lie on and below the primary unstable parabola containing the homoclinic tangency q. In addition we arrange that e), eU > 1. We shall refer to this configuration as the assumed geomet
Other configurations can be handled analogously to the assumed geometry.
In the calculations of Section 5 a crucial issue will be the differentiability of the stable and unstable foliations. For instance, even though each curve in the local stable manifold of a basic Cantor set of a C3 planar diffeomorphism is a C3 curve, the directions (ignore orientation) of these curves need not vary C2 in the unstable direction. Even if a planar map is C', the directions of the local stable manifold of a basic Cantor set need not vary C2 in the unstable direction. Therefore we must establish sufficient differentiability to make our estimates.
LEMMA 4.1. Let A(A) be a hyperbolic basic set for a one-parameter family of planar C3 diffeomorphisms fA, with C3 dependent on A. The local stable and unstable manifolds of A(A) are families of C3 curves, which can be completed to compatible foliations by C3 curves so that the curves, their directions, and their curvatures vary C1 with respect to the transverse direction and A.
To maintain continuity in our proof of the Bubble Lemma, we defer the proof of this technical result to the Appendix. Let SA and Q^ denote the restrictions of S and 5 to a constant A plane. Let q(A) in the (x, y)-plane denote the point on the same unstable manifold as q(O) = q at which SA and 5x are tangent. We let 9(S) denote the field of directions of the curves of the foliation S parametrized by t, and similarly for 5 parametrized by r. We will use the direction 9 in the unit tangent space interchangeably with the angle 9 in radians. For instance, 9 + 7r/2 will denote the direction orthogonal to 9, and 9(a) -9(S) will denote the field of angles measured counterclockwise from the parametrized curve of S to the parametrized curve of 5 at each point.
For our purposes we find it convenient to use the local unstable foliation 5 consisting of the curves ( 
4.1) r(aX, A, T) = (a + 2, a + o(a, A) +?f(a, A) (?7(a, A) -7)2 + p(a, A, T))
parametrized by r and indexed by a. Also we will use the local stable foliation S consisting of curves of the form ( 
4.2) E(a, A, t) = (t + 2, a + s(a, A) + b(a, A)t + c(a, A)t2 + r(a, A, t))
parametrized by t and indexed by a. Below we make our choices of the coeffi- By a discussion parallel to that of the coefficient functions for 5, the derivatives Or/&t, 02r/0t2, 03r/0t3, 0s/0A, 0b/0A, 0c/0A, 0r/0A, 02r/0t0 and 03r/at20A exist and are continuous functions of a, A, and t. Also, at A the index a serves admirably as a coordinate O~c/O~a, O~r/O~a, O2r/Otcta, and 93r/&t2Oa exist and are continuous in t and a.
The remainder term r has size 0(t3); hence Or_ O2r y-coordinate value of py(A) -n/3V-2n/3. see Figure 10 . Also, for some T E In what follows we use big 0 and little o notation in the usual way, and we say that g(n) is of order h(n) if there exists a constant K > 0 so that 1/K < Ig(n)/h(n)I < K for all n sufficiently large. We will find a A size O(v-n), and so we only consider parameter values of magnitude at most O(V-n). Also, unless stated otherwise, we will assume that -r E (Irmin, Tmax).
In our first lemma we determine how the points p(A) and q(A) move as functions of A. The next two lemmas will establish that there is a unique T such that the curve rn+l (a', A, r) has a quadratic tange E('aA,t) at the point r(A) = rn+i(a,A, f), and such th concave downward with respect to the stable foliation SA at r(A).
The first lemma shows that the magnitude of the curvature of rn+1 (a, A, r)
for -r e (TminTmax) is much greater than that of the nearby leaves of the foliation SA. We now show that the quadratic tangency between rnf+l(', A, r) and ('a, A, t) at the point r(A) = rn+1(a', A, af) is nondegenerately contactbreaking; that is, rn+1 (e, A, r) with a' fixed has a uniformly downward velocity as a function of A much greater than the corresponding downward velocity of ('a, A, t) near r(A). We will report on supporting evidence for this conjecture in more detail elsewhere.
curvature field i(3F) is close to n(Wl1 directional derivative of i(F) in the direction of q. We choose a smooth section of directions X in the unit tangent bundle of B to be strictly inside the stable cone V and to have an angle bounded away from zero with respect to the leaves of Wjlu(A). Let us denote the nth iterate of F under f by Fn. We shall now show that b6(.F) converges uniformly on Wlu.(A). This will imply that 64+(Wlu(A)) exists, is continuous, and is equal to limn++oc 60(Fn). Thus n(Wjlu(A)) will be found to be C1.
We now calculate how i and 6c evolve as F is iterated under f. We find Since f is uniformly hyperbolic on B and each q is in a stable cone of V, while 0 is in an unstable cone of U, we find that det(Dfnn) is of the same order as IIDf6 nfjI-1jIDfnn~jj. Thus each of the first three terms of the expression above is at most of order ILDfnn~jI-1 = Q(-y-n), and we find that l6(Fn+l) -6(F)
is less than or equal to n-1 Q(9 fl) + Zdet(Dfk)IIDflkbII(IGkil -Gkk1I + _k+l _n-I k=O and that det(Dfkk)Df6-kq is at most Q(y-k). Since 9(.fn) and VO(.Fn) converge uniformly to 0(Wl1oc(A)) and V0(Wju.,(A)) (see [5] , [9] ), the function Gn must also converge uniformly on Wlu.C(A). Thus the directional derivative of the curvature 6,,(Fn) converges uniformly on Wluc(A). This establishes the existence of a foliation of B, which is compatible with Wluc(A) and has the desired differentiability.
The differentiability of the parameter dependence of the directions and curvatures of the unstable manifolds can be established by consideration of the induced map Kf on the direction-curvature field R2 x S1 x R, where the first two coordinates are the (x, y)-plane, the third coordinate is the direction, and the fourth coordinate is the curvature. That is, Kf takes an infinitesimal arc at the point (x, y) with direction 9 and curvature In and maps it by f to the image point, direction, and curvature. There is a hyperbolic Cantor set E of Kf, whose projection on the first two coordinates is the original Cantor set A, whose third coordinate is the direction of Wluc(A) on A, and whose fourth coordinate is the curvature of Wluc(A) on A. The map Kf is uniformly hyperbolic and satisfies strong transversality in a neighborhood of E. And so by Theorem 1 of [2] we see that Kf is differentiably Q-stable at E. That is, 
